Over a compact oriented manifold, the space of Riemannian metrics and normalised positive volume forms admits a natural pseudo-Riemannian metric G, which is useful for the study of Perelman's W functional. We show that if the initial speed of a G-geodesic is G-orthogonal to the tangent space to the orbit of the initial point, under the action of the diffeomorphism group, then this property is preserved along all points of the G-geodesic. We show also that this property implies preservation of the Chern-Ricci form along such G-geodesics, under the extra assumption of complex aniti-invariant initial metric variation. This result is useful for a slice type theorem needed for the proof of the dynamical stability of the Soliton-Kähler-Ricci flow.
for all (u, U ), (v, V ) ∈ T M×V1 . The gradient flow of Perelman's W-functional with respect to the structure G is a modification of the Ricci flow with relevant properties (see [Pal6] ). The G-geodesics exists only for short time intervals (−ε, ε). This is because the G-geodesics are uniquely determined by the evolution of the volume forms and the latter degenerate in finite time (see section 2). In [Pal6] , we show that the space G-ortogonal to the tangent of the orbit of a point (g, Ω) ∈ M × V 1 , under the action of the identity component of the diffeomorphism group is
the ω-symplectomorphism group. (See the identity 1.14 in [Pal6] ). Furthermore the product G g,Ω is positive over J g,Ω [0], thanks to a result in [Pal6] . We conjecture the following slice type result.
Conjecture 1 Let (X, J) be a Fano manifold, which is complex deformation un-ubstracted and let ω ∈ 2πc 1 (X) be a Kähler form. Then the distribution (g, Ω) ∈ S ω −→ . In view of the results in section 9 of [Pal6] , the solution of this conjecture is crucial for the proof of the dynamical stability of the Soliton-Kähler-Ricci flow [Pal8] .
2 Pure evolving volume nature of the G-geodesic equation
We remind that the equation of a G-geodesic (g t , Ω t ) t∈(−ε,ε) , (see [Pal6] ), rewrites under the form (S)
The invariance of the scalar product of the speed of geodesics implies
Therefore a solution of the system (S) satisfies also
The first equation in the system (S 1 ) rewrites aṡ
which provides the expression
We set u t := Ω t /Ω 0 , and we observe the trivial identities
,
We deduce that the system (S 1 ) is equivalent to the system
The solution u is given by the explicit formula
Thus the solution (g t , Ω t ) t∈(−ε,ε) of the system (S 1 ) satisfies X Ω t ≡ 1. This implies G t ≡ G 0 . We infer that the system (S 1 ) is equivalent to the system (S). In the case G 0 > 0, the previous formula for u t reduces to the expression
Conservative properties along G-geodesics
In this section we show proposition 1. Proof We remind first the fundamental variation formula
obtained in [Pal7] , (see the formula 19 in [Pal7] ). Using (3.1) we develop the derivative
Writing the equations defining the G-geodesic (g t , Ω t ) t∈(−ε,ε) , under the form
and thus
Then the conclusion follows by Cauchy's uniqueness.
Let J ⊂ C ∞ (X, End Ê (T X )) be the set of smooth almost complex structures over X. For any non degenerate 2-form ω over a symplectic manifold, we define the space J ac ω of ω-compatible almost complex structures as
With thess notations hold the follwing result.
Proof Using the identityJ t = J tġ * t and the G-geodesic equation
we obtain the variation formula
The first variation of the Ω-Chern-Ricci form Let (X, J) be an almost complex manifold. Any volume form Ω > 0 induces a hermitian metric h Ω over the canonical bundle K X,J := Λ n,0 J T * X , which is given by the formula
We define the Ω-Chern-Ricci form
where C h (F ) denotes the Chern curvature of a hermitian vector bundle (F, ∂ F , h), equipped with a (0, 1)-type connection. Consider also a J-invariant hermitian metric ω over X. We remind that the ω-Chern-Ricci form is defined by the formula
The fact that the metric h ω n over K X,J is induced by the metric ω over T X,J implies, by natural functorial properties, the identity Ric
be the space of Kähler structures over a compact manifold X. We remind that if A ∈ End Ê (T X ), then its transposed A T g with respect to g is given by A T g = g −1 A * g. We observe that the compatibility condition g = J * gJ, is equivalent to the condition J T g = −J. We define also the space of almost Kähler structures as
With these notations hold the following first variation formula for the Ω-ChernRicci form. (Compare with [Pal5] ).
Proposition 2 Let (J t , g t ) t ⊂ AKS and (Ω t ) t ⊂ V be two smooth paths such thatJ t = (J t ) T gt . Then hold the first variation formula
1)
Proof STEP I. Local expressions. We consider first the case of constant volume form Ω. We remind a general basic identity. Let (L, ∂ L , h) be a hermitian line bundle, equipped with a (0, 1)-type connection, over an almost complex manifold (X, J) and let
In the case L = K X,Jt := Λ n,0
Jt T * X and h ≡ h Ω we get for all
. . , n, the formula for the 1-form α t ,
We also notice the local expression Ric Jt (Ω) = −iC hΩ (K X,Jt ) = −dα t . In order to expand the time derivative of the expression
we observe first the formula
We notice indeed that for bidegree reasons holds the identity
Then time deriving the latter we infer the required formula (4.2). STEP II. Local choices. We fix an arbitrary time τ . We want to compute the time derivativeα τ (η). We take the open set U ⊂ X relatively compact. Then for a sufficiently small ε > 0, the bundle map
is an isomorphism for all t ∈ (τ − ε, τ + ε). We set for notations simplicity D t := D KX,J t ,hΩ . We consider also the connection D ϕt := ϕ * t D t over the bundle Λ n,0
is indipendent of the choice of β. We want to computeα τ at an arbitrary point p ∈ U . STEP IIa. The Kähler case. (We consider first this case since is drastically simpler). Let ∇ gτ be the Levi-Civita connection of g τ . Using parallel transport and the Kähler assumption ∇ gτ J τ = 0, we can construct (up to shrinking U arround p), a frame (β r )
Jτ T * U ), satisfying ∇ gτ β r (p) = 0, for all r = 1, . . . , n, and the identity
We set now f τ := log dVg τ Ω . The identity dβ r = Alt ∇ gτ β r , implies dβ r (p) = 0. Then formula (4.2) implies the identity at the point p,
(The last equality follows from the Kähler assumption). We deduce
at the point p. (The last equality follows also from the Kähler assumption). Using this last identity we obtain the expression at the point p, over U . We conclude, thanks to the Kähler condition and Cartan's identity, the required formula for arbitrary time t, in the case of constant volume form. STEP IIb. The almost Kähler case. We remind first that in this case holds the classical identity
where N J is the Nijenhuis tensor, defined by the formula
The identity (4.3) combined with the identity N J (Jη, µ) = −JN J (η, µ), implies 
In the almost Kähler case, D ω TX,J is related to the Levi-Civita connection ∇ g (see [Pal2] and use identity (4.3)), via the formula
We apply now these considerations to the almost Kähler structure (J τ , g τ ). Using parallel transport, we can construct a complex frame (β r ) for all r = 1, . . . , n. The last one follows indeed from the elementary identities
X,Jτ ). We observe now that formula (4.2) writes as
Thus at time the point p holds the identity
We set for notations simplicity η 
We notice also the trivial identity β r ·J τ µ
Taking a covariant derivative of this we infer
The identity (4.4) implies at the point p, since
at p thanks to (4.7). Taking a covariant derivative of the identitẏ
we obtain
thanks to (4.4) and the fact that β r os of type (1, 0) with respect to J τ . We deduce
thanks to (4.9), and thus
Using (4.6) and (4.10) we obtain
We show now the identity
(4.11)
Indeed, let (e k ) 2n k=1 ⊂ T X,p be a g τ (p)-orthonormal basis. Using (4.3), (4.4) and the symmetry assumptionJ τ = (J τ ) T gτ , we obtain
and thus the required identity (4.11). We infer the formula
over U . We show now the identity
(4.12)
Indeed using the symmetry identitiesJ τ = (J τ )
i.e. the required identity (4.12). Using once again the symmetry identitieṡ
thanks to the variation formula for the fixed volume form case. The conclusion follows from Cartan's identity for the Lie derivative of differential forms.
We infer the following corollary.
Corollary 1 Let ω be a symplectic form and let (J t , Ω t ) t ⊂ J ac ω × V be an arbitrary smooth family. Then holds the variation formula
with g t := −ωJ t .
Proof We haveġ * t = −J tJt and thus the propertyJ t = (J t )
T gt , which allows to apply (4.1).
Combining lemma 1, proposition 1 and corollary 1, we deduce the main theorem 1.
The decomposition of the Bakry-Emery-Ricci tensor
We compare first the Riemannian Ricci tensor with the ω-Chern-Ricci tensor.
Lemma 2 Let (X, J, g) be an almost Kähler manifold with symplectic form ω := gJ. Then holds the identities
and
Proof Using formula (4.5) and the standard Curvature identity
and a similar one for the Chern curvature C ω (T X,J ), we obtain
This formula combined with the identity
The identity Ric J (ω) = Ric J (ω n ) and the local expression of Ric J (ω n ), imply that the ω-Chern-Ricci form is real (and d-closed) . This, combined with the identity (5.4), provides
Let now (e k ) 
We infer ∇ gt f t ¬N J t = ∇ gt f t ¬N J t
T gt
. This combined with the identity ∇ gt df t = − i∂ J t ∂ J t f t · J t + g t ∂ TX,J t ∇ gt f t − ∇ gt f t ¬N J t , (which holds thanks to the fact that, in our case, dd c J t f t = i∂ J t ∂ J t f t ), implies the symmetry identity
along the G-geodesics in the statement of theorem 1, in the Fano case ω = ρ. We notice also that in this set-up, the decomposition formula (5.6) implies, for J-invariance reasons, that if a point (g, Ω) ∈ Exp G ( J0 g0,Ω0 ) satisfies the shrinking Ricci soliton equation g = Ric g (Ω), then (J, g) is a Kähler-Ricci soliton.
